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Abstract 

In this paper we investigate the entanglement of multi-qubit fermionic coherent states 
described by anticommutative Grassmann numbers. Choosing an appropriate weight 
function, we show that it is possible to construct some entangled pure states, consisting 
of GHZ, W, Bell and biseparable states, by tensor product of fermion coherent states. 
Moreover a comparison with maximal entangled bosonic coherent states is presented and 
it is shown that in some cases they have fermionic counterpart which are maximal en- 
tangled after integration with suitable weight functions. 
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Understanding the entanglement properties of fermionic systems remains one of the main 
goals of quantum information theory [It |2j. As fermionic optics research grows |5], fermionic 
coherent state (FCS) which is defined as eigenstate of the fermionic annihilation operator with 
Grassman- valued eigenvalue, becomes important. Fermionic coherent states can be introduced 
by parametrizing with Grassmann numbers rather than complex numbers, which overcomes 
challenges due to anticommutativity relations [H El E] . 

Besides the idea of constructing bosonic or fermionic coherent states, there is a great deal of 
interest in studying entanglement of them. For bosonic case, some attempts have been made to 
quantify the entanglement of multipartite coherent states [7t[g|ig|[T m[Tn[T^ [T5 |fTil[T^ [TB | [T7]. 
The required conditions for the maximally entangled nonorthogonal states have been explicitly 
investigated and some maximally entangled coherent states have been classified [10]. But, 
despite these attempts, not much work has been done for investigating the entangled fermionic 
coherent states [L8\. The problem is that, strictly within in the framework of fermion fields, 
Grassmann numbers which arise from Paulis exclusion principle, anticommute with each other. 

The aim of our present work is to elucidate a connection between fermionic coherent states 
and multi-qubit pure entangled states, treated almost always separately. We find throughout 
this work that it is quite possible to construct multi-qubit pure entangled states after integra- 
tion over tensor product of FCS with suitable weight function. In particular, for example, we 
can construct a family of maximally entangled states like GHZ, W, Bell and Bell-like states 
[T9] for three qubit systems and then generalize to the multi-qubit cases. There exist also 
FCSs which yield biseparable states in multi-qubits systems except for these cases we have 
to consider FCS with different Grassmann numbers. Also, we make a comparison between 
maximal entangled bosonic and coherent states, with one complex or Grassmann number in 
entries respectively. Somewhat surprisingly, it is shown that in some particular cases the MESs 
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for fermions, have maximal counterpart for bosonic coherent states obtained in Ref. via 
concurrence measure [20] . 

The paper is organized as follows. In section 2, the FCS for two level system is introduced. 
In section 3, explicit examples of multi-qubit entangled states such as Bell, Bell-like, W, GHZ 
and biseparable states are constructed by tensor product of FCS with appropriate weight func- 
tions. Section 4 is devoted to compare some special MESs of bosonic and fermionic coherent 
states with just one complex or Grassman number in each entries. The paper ends with a brief 
conclusion. 

2 Grassmannian Coherent States 

For our purpose, it is necessary to study the mathematical structure of the anti-commuting 
mathematical objects, so called Grassmann algebra which are needed in order to construct 
relevant coherent states [H Ej E]. To describe this algebra we consider n generators {9i, ...,9n} 
satisfying the relations: 

{e„9^} = Vz,j = l,2,...,n, (2.1) 

and clearly we have 

9^ = Vz = 1,2, ...,n. (2.2) 

Any linear combination of 9i with the complex number coefficients is called Grassmann number. 
In other words, we consider Taylor expansion of a Grassmann function as follows 

g{9i,92, ■■■On) = Co + ^Ci6i + ^Cij6i9j + 

i i<j 

where Cq, Ci, Cij, ... G C. For instance, exp(^i6'2) = 1 -|- 6'i^2- The complex conjugate of the 
Grassmann number 9 is also defined by (9)* = 9*, which is treated as another Grassmann 
number. A Grassmann function is called "of n degree" if it contains a term with n multiple 
of Grassmann numbers like ^i^2---^n- The Grassmann integration and differentiation over the 
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= ^ (2.3) 

J de^Q, J dee = i, J de* = o, J de*e* = e*, (2.4) 

For the next uses, we require the following quantization relations between Fock states and 
Grassmann numbers 

^10) = 10)^, e\i)^-\i)e, 

(2.7) 

^(0| = (0|^, ^(1| = -(1|,^ 
which implies that Grassmann numbers commute with |0)(0|, and |1)(1|, while anticommute 
with |1)(0|, and |0)(1|. Now let a and be annihilation and creation operators for a fermionic 
system respectively. These operators satisfy the anti-commutation relations 

|a, aH = 1, 

(2.8) 

{a, a} = {a^ ,a^} ~ 0. 

Clearly, a and are nilpotent. We shall also assume that Grassmann variables anti-commute 
with fermionic operators 

{a,e}^{a\e}^0. (2.9) 

A fermionic coherent state, like the bosonic case, is defined as eigen-state of the annihilation 
operator 

a\e) = e\e), (2.10) 

which is satisfied by the following state 

|^)=exp(^)(|0)-e|l)) = D(^)|0). (2.11) 
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where 

D{e) := expiate -e* a) (2.12) 
Note that the displacement operator D{9) is a unitary operator i.e; D{6)D{9y = I. 

3 Entanglement and FCS 

In this section, we show that one can get the well known maximally entangled pure states such 
as GHZ, W , Bell and Bell-like states \i9i, through integrating over tensor product of FCSs 
with suitable choice of weight function. 

3.1 Bell and Bell-like states 

Let us consider the simple cases that yield the following Bell states 

|vl/±) = i=(|01)±|10)), (3.13) 

|$±) = i=(|00)±|ll)). (3.14) 
Regarding the FCS of Eq. (14.491) . we product two states 16*) and | ± ^) as follows 

1^)1 ±6)= exp{-e*e)[\00) T 0\01) - 6*110)], (3.15) 

\-e)\Td)= exp{-e*e)[\00) ± 6'|01) + 6'|10)], (3.16) 
and by subtracting the above states we get 

\e)\±e)-\-e)\TO) = t2^(|oi) ± |io)). (3.17) 

Our task is to find the weight function such that when we integrate over Grassmann numbers, 
e and 9* yield the |^'(=^)). To this aim let 

w{9, 9*) = Co + ci9 + C29* + C39*e, (3.18) 
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be such weight function. Then 

J d9*d0 w{9,e*)[\e)\± 9) -\-e)\^e)]^\^^), 

where it is satisfied with C2 = ='=^75' other coefficients are arbitrary which may be 

taken as cq = ci = C3 = i.e., w{6,9*) = i^^^**. Note that instead of subtracting the states 
1^)1 ± ^) and I — ^)| ^ we can add them and integrate on weight function w{9,9*) — ±|, 
which in turn yields the separable state |00). Another tensor product of FCS which yields the 
Bell state are 

j d9*d9 w{9,9*)\±9)\±9) = \^>-), with w{9,9*) = ^9\ 

This is not the only way to construct |*(^)) states by FCS. We can get the same result if we 
define the states 

|^)± = |^)±|-^), (3.19) 

and by integration as follows we have 

j d9*d9 w(9,9*) [\9)+\9)_ ± |^)_|^)+] = (3.20) 

where 

w(9,9*) = -^9*. 

It is interesting that we can construct all Bell states if we assume the FCS to be constructed 
by two Grassmann numbers 9i and 6*2 and their complex conjugations. Such a possible state 
may be |^)|^*), whose integration with weight function w{9, 9*) — exp(±^^*), gives 

j d9*d9{^ e±^^* )\9*)\9) = |$±), (3.21) 



And also 



J d9*d9^{9* ± e)\9*)\e) = (3.22) 
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To generalize more we take some other states, the first of which, goes as follows 

1^1)1^2) =exp[^(etei + ^2*e2)](|00) -^2101) -^i|10) -^1^2111)) (3.23) 
The above state leads to Bell states via suitable weight functions. For example 

J de\de^deide2^{eie^eie2 t o\ei)\e^)\e2) = |$^), (3.24) 
j d9id9ide;de2{^){eiei9*2 + ^^^^^2) 1^1)1^2) = |^^). (3.25) 

We note that in the case |^)|^*), it is impossible to choose a weight function of degree three or 
more, while in the case |^i)|^2), it is possible. Now consider the symmetric and anti-symmetric 
FCSs 

|A±(^i,^2)) = 1^1)1^2) ± 1^2)1^1) = ±|A±(^2,^l)), 
which the following maximal entangled and separable states are deduced 

J deideide*2d92{^9i) |a±(^i,^2)) = 1*^^^ (3.26) 

r 100) with w = l9W* 

d9ld9id9*2d92w{9i,9l,92,9*2)\A±{9i,92)) ^ { ' (3.27) 

I 1 11) with w = ^9l9i9*92. 

The anti-symmetric state |A_(^i,^2)) only gives Bell state 1^^") which is anti-symmetric, and 

the symmetric state |A+(^i,6'2)) only gives Bell state |\1'+) which is symmetric. 

Another MESs which can be manipulated by FCSs are Bell-like states 

|*^)bl = ^(e'^lOl) ± e-^^|10)). (3.28) 



where 



J d9*d9 (e^i 9* ± e-'^ 9) \9*)\9) = (3.29) 
j d9ld9id9*2d92^ {e'^ 9i9l9* ± e''^ 919291) \9i)\92) = \^^)bl- (3.30) 
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3.2 GHZ and W states 

Here, we proceed the same way as above to construct three qubit MESs, known as W and 
GHZ states which are used widely in quantum information theory. Then we generahze them 
for n-qubit cases. For W case, consider tensor product of three FCSs of the form 

|^)|6»)|^) =exp-^r^(|000) -^(|001) + |010) + |100))), 

thus with a convenient weight function we get 

J de*de{^m\9)\9)) = ^(1100) + 1010) + |ooi)). (3.31) 

One can easily generalize this to n-qubit W state as follows 

J de*d9{-^) \e)\6y..\9i = |w(")), (3.32) 



n times 



where 

|W(")) = ^(|100...0) + I010...0) + ... + I0...001)). (3.33) 



'n 

It is convenient to write the n-qubit W states with respect to FCSs of Eq. fl3.19p as 

rfrrfe(-i^r)|V^) = |W(")), (3.34) 



where 

1^) = |^^)+|^^)+...|^^) + |^^)_ + |^^) + |^^)+...|^^)_|^^)+ + ... + |^)_|^) + ...|^^) + |^^) + . (3.35) 

To construct the three qubit GHZ state we have to use tensor product of three FCSs with 
different Grassmann numbers |^i)| ^2)1^3)- Then, the integration goes as 

J d9ld9^d9ld92d9ld9^[^{9\9i9l929l9^ + ^^I^;^3)]|^i) 1^2)1^3) = ^(|000) + (3-36) 

In a similar way as n-qubit W states, we can create the general n-qubit GHZ states by using 
FCSs. To this aim we take \9i)\92) ■■■\9n) together with weight function as 

w = ^{9\9,9192...919^ + 9\9\...9l), (3.37) 
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we get 



/ 



d9id9ideide2...de*jenw\ei)\e2)...\en) = ^(|oo...o) + |ii...i)) = ighz^'^)). (3.38) 



3.3 Biseparability 

Here, we use FCSs to obtain biseparabile states which, depending on how one considers par- 
tition for given state, there exists an entanglement in their subsystems partially. For example 
if a pure state |'0)abc involves the three subsystems A, B and C, the partition {A\ may be 
separable while {B,C} are entangled. As an illustration, let us consider three and four partite 
cases as some examples. Hence, the entanglement of bipartite states can be made by FCS 
1^1)1^2)1^3) as follows 

deide^deide^deido^l^ieie^eie^ei ± eie^e2eiei)]\e{)\e2)\e-,) = |o)i|*±)2,3. (3.39) 

v2 

where it implies that the entanglement is just between the second and third qubits. Other 
biseparable states are 

deideide;de2de;des[^{e,eie2e;e3e; ± ^t^i^^^a^;)] 1^1)1^2) 1^3) = 1*^)1,210)3, (3.40) 
deid9,de;de2de;des[-^{ei92e;ese; ± ^i^i^2^;^3)] 1^1)1^2) 1^3) = 10)21*^)1,3 (3.41) 

v2 

where 

10)21*^)1,3 = ^(|001)±|100)) 

Furthermore one can easily see that 

1 



/ 



/ 



deideid0*de2d0;des[^{e,9id2e*ese; ± ^i^r^3*^2*)] 1^1)1^2) 1^3) = |o)i|$^)2,3- (3.42) 



The biseparable states |0)2|$^)i,3 and |0)3|$='=)i,2 can be obtained in a same manner as above 
with different weight functions. We can also construct four qubit biseparabile states hke the 
three qubit case. To do this we take |6'i)|6'2) 16*3) 1^4), and choose a weight function as 

w = ^(^i^j^;^3^3^4^: + 9ieie2e;e;e^ei + 9^9192919^9191), (3.43) 

v3 
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then we have 

j de\ddideide2deide^deideiw\^i)\e2)\e^)\0i) = |o)i|w(='))2,3,4, (3.44) 

where it means that the first qubit is not entangled with the other three qubit related to 
partition {2,3,4}. One can obtain biseparable states \s)i\'W^^^)j^k,i, (s = 0, 1) which may be 
any partition as Eg. (13.44]) . From both the partition and type of entanglement point of view, 
there are some other possibilities such as 

J deideide;de2d9;d93deideiw\ei)\92)\93)\6i) = |o)i|ghz(3))2,3,4, (3.45) 

where 

w = ^{919192919^919^91 + 9^91919191), 
v2 

and 

j d9ld9id9;d92d9;d9sd9ld94w\9i)\92)\93)\94) = |00)i,2|$^)3,4, (3.46) 

with 

w = -^{9,9192919,919,91 ± 9,91929^9191), 

and also 

j d9ld9id9ld92d9ld9d9ld9iw\9i)\92)%)\9,) = |^+)i,2|$+)3,4, (3.47) 

with 

^ (Q*Q Q*Q Q*Q a* I a Q*a*a q*q Q* i Q*0 0*0*0* i O 0*0*0*0*\ 

W — -^\PiU2020z","a^4, + t7iC/]^C/2'^3"3t74C74 + U^V2^2"z"a + " 2" 'i" i) ■ 

It is easy to develop this discussion to more general forms. 



4 Comparison with bosonic coherent states 

It is tempting to compare the fermion and boson coherent states. A bosonic coherent state 
can be defined as eigen-state of the annihilation operator 

h\a) = a\a), (4.48) 
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where a is a complex number, and b is annihilation operator for the bosonic coherent state 

2 °° n 
n=0 

where the displacement operator D{a) is 

D{a) := exp(6t a — a*h) (4.50) 

There are different measures to quantify the entanglement of a quantum system (for a good 
review see [21] )• One of them is entanglement of formation which gives the exact formula 
based on the often used two-qubit concurrence defined as [20] 



C=may®ay\C)V (4.51) 

where ay is y component of the usual Pauli spin matrices. The concurrence of the following 

state 

|C)=/i|a)|/3) + H7)l'^), (4.52) 

in the subspace spanned by \a) ,\j3) ,\^) and \6) is 

^ ^ IHV(l-|(«l7)P)(l-|(/3|^)P) , . 

|/i|2 + |i/|2 + ;,i.*(7|a)(5|/?) + ^V(a|7)(/?|5)' ' 

where I7) and \5) are bosonic coherent states. The denominator of the above concur- 

rence come from the normalization of \Q. When C = 1 then \Q is MES that is the conditions 
for maximality of entanglement for nonorthogonal four bosonic coherent states in Eq. (I4.52p 
are [10] 

^i = z/e(^^) and (a|7) = -{5\^)e^''^\ (4.54) 
For the particular cases we will discuss two following examples 

|A;ia)|A;2a) ± |A;3a)|A;4a) , /cj G C, (4.55) 

where due to their different behaviors, under imposing the maximality conditions, we will treat 
them separately. 
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4.1 Example 1 



Consider the following bosonic coherent state 



|A;iQ:)|A;2a) — |A;3a)|A;4a) , ki EC, 



(4.56) 



where its concurrence goes as 



C 



(1 _ e"5l«l'(/l3+/l*3))(l _ e-3l"l'(/24+/J4)) 



1/2 



where 



2 - e-^l°l'W3+/2*4) _ e-5l"P(/i3+/24) 



fij — + |A;j| 2k^kj . 



(4.57) 



Regarding the conditions fl4.54p we have /13 = /24, which implies that they have the same real 
and imaginary parts i.e., 



1^1 - ^sl = 1^2 - ^4! , or {ki - k:i) = {k2 - k^je 



i4> 



(4.5^ 



Imiklks) = Im{klk2). (4.59) 

Some special cases of MES for the state f l4.56p . up to a normalization factor, are deduced [10] 

— a) — \ — a) \ — 3a), 
|a)| — a) — I — a)\a), 

(4.60) 

|a)|a;) — \ioi)\ — ia), 
\a)\ — a) — \ia)\ia). 

Now we return to tensor product of FCSs and consider the same form of equation (I4.56P where 
the complex parameter a is replaced by Grassmann number 6 as follows 



/boson ^ 



\ki9)\k2 



\hd)\kd 



(4.61) 



We call a FCS maximal, if there is a Grassmann weight function whose integration over that 
FCS gives a MES. If we take the weight function as 

1 



w{e,e*) 



m 



V2 ' 



(4.62) 
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then 

|^)„^ax = / d9*d6 Wi9,9*)[\he)\k2e) - |M)|M)] 



= -^[h - h]\01) + -^[h - h]m. (4.63) 
my/ ^ my/ 2 

This state is MES if 

(k^ - ks) = e''^{k2 - h) = m. (4.64) 

which is equivalent to f l4.58p . Now we are interested in finding some especial cases of \'^)max 
which lead to MESs similar to the four bosonic coherent states of the form boson- We 
distinguish the following cases: 

Cases 1,2: Let \'^)max = 1^^); = and m = ±2. Imposing ki = —k2 = —k^, the Eq. 
f l4.6ip reduces to 

1^)1-^) -1-^)1 -3^), (4.65) 

\9)\-e) - \- e)\e). (4.66) 

where first PCS refers to plus sign and the second one refers to minus sign. 

Cases 3,4: Let \'^)max = |^^)bL) = and m = ±\/2. If we take ki = l,k2 = ±1, k^ = 

k4^ = =Fi, then PCS f l4.6ip is reduced to the following states 

\e)\±e) -\ie)\TiO) (4.67) 

The above PCSs obtained in cases 1-4 could be compared with the maximal bosonic coherent 
states \il>) boson- Of course, we deliberately call these PCSs maximally entangled as done for 
bosonic coherent states mentioned in reference [10]. Purthermore, the following bosonic and 
fermionic coherent states 

\i'')boson = -^\a)+\a)_ + + , (4.68) 



1 

3' 



mfermion = — + + |^)-|^^) + , (4-69) 
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have the same form and both are MES, in the sense that the {ifj') boson is MES by itself [12] and 

d9*de{^) |^')/e™ = |^+), (4.70) 

which is clearly maximal entangled state. There are some other FCSs that lead to MESs for 
fermionic coherent systems in integration method which also have the maximally entangled 
bosonic counterpart obtained by concurrence. For example, in the case 1,2, we take the plus 
case and ki = 3,k2 = — 1, /cs = l,ki = —3, then the state f l4.6ip reduces to 

|3^)|-^)-|^)|-3^), 

which its bosonic counterpart 

|3a)| — a) — \a) \ — 3a). 

is also MES [ini [12]. Thus, according to f l4.64p . allocating an arbitrary value to m and 
accounting for proper conditions among ki, k2, k^, k4, one can obtain other MESs for FCSs. 
As another example, let m = 3, A;i = A;2 = 1, and k^ = k^ = —2, then the state (14.6 ip reduces 
to 

1^)1^) -I -2^)1 -2^). 

which just like the above cases has the maximally entangled bosonic counterpart. It is perhaps 
worth pointing out that, although it is possible to find maximal FCSs (which have the same 
form in the bosonic maximal coherent state of the form (I4.56P ). it can be shown that the 
inverse does not hold. For instance, we have 



V2 

which is clearly maximal while its bosonic counterpart 

\ia)\ia) — \a)\a), 



i=(|01) + |10)) = |vl/+), (4.71) 
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is not. This is due to the fact that although Re^fis) = Re{f 24), we have Jm (/13) 7^ I'm{.f2A) 
which imphes that /13 7^ /24, so the condition fl4.59p is not satisfied. In fact, the /cjS that satisfy 
fl4.58p and f l4.59p for bosonic coherent states f l4.56p . must also satisfy the relaxed conditions 
(Km) for FCSs (gSU). 

4.2 Example 2 

Now consider the following state 

|A;ia)|A;2a) + |A;3Q;)|fc4Q;) , A;^ G C, (4.72) 

which has concurrence 

1/2 



2 

C=- 



(1 _ e-5l°r(/i3+/i*3))(i - e-5l"r(/24+/l4)) 



2 + e-^l"l'(^i3+/2*4) + (,-\H\hz+hi) 



(4.73) 



thus, the state fl4.72p is maximally entangled when /13 = + in other word 

|A;i - A;3| = |A;2 - A;4| , or {h - h) = {k2 - k4)e'^ (4.74) 



and 



Im^klh) - Im{k\k^) = (4.75) 



Now let us consider the same state as f l4.72p but complex a is replaced by Grassmann number 



e, i.e., 

+ (4.76) 

Again we take w{9, 0*) = -;^^(^*, then 

mma. = [ d9*de (J—)[\k,e)\k2e) + \k,e)\k,e)] 

J mv2 

= -^[k2 + k,]\01) + -^[k, + ks]m. (4.77) 
my/2 my I 

This state is MES if 



(A;i + fcs) = e'^ik^ + k^) = m. (4.78) 
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Here we can treat three cases separately. 

Case 1: In the first case, let kiS satisfy all the conditions ( I4.74p . fl4.75p and (14. 78 p . Hence 
there is a fermionic counterpart for any bosonic MES and vis versa. For example if ki = k2 = 
^ , = A;4 = 1 and = 0, then the Eq. dim) gives MES for following PCS 

77r ITT 

■ + (4-79) 



'2|a|2 "2|a, 

and the state (14.721) reduces to the following MES for bosonic coherent state 

ZTT 

a)\-—^a) + \a)\a), (4.80) 



'2|aP "2\a\ 
These states are counterparts of each other. 

Case 2: In the second case, let kiS satisfy the conditions (I4.74p . (I4.75P but the condition 
(I4.78P does no hold. Therefor we have a set of bosonic MESs which have no similar fermionic 
maximally entangled counterparts. For example 

" +0«)l(^ + 0«) + l(77^-0«)l(r^-^)«)- (4.81) 



2|aP |aP 2|aP \a\ 

Clearly the fermonic counter part of this state does not lead to a MES with any choice of 
weight function. 

Case 3: In the third case, let kiS satisfy the conditions (I4.78P but the condition (I4.74p 
or (I4.75P does no hold. Hence we have a set of fermionic coherent states that, according to 
Eq. (l4.77|) . give MESs while the bosonic counterpart of them are not MESs. To give an example 
we can take FCS 

\ke)\w) + \ie)\ke) , k,iec, (4.82) 

which have no maximally entangled bosonic counterpart. 



5 Conclusion 



In summary, we have shown the some well-known entangled pure states like GHZ, W, Bell, 
Bell-like and biseparable states can be constructed by tensor product of fermion coherent states 
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with integration over proper Grassmann weight functions. For three qubit GHZ and W states, 
the construction can be easily generahzed to multi-qubit cases, however there is an important 
difference between GHZ and W constructions: in the former case, we must use tensor product 
of FCSs with different Grassmann numbers, while in the latter case the tensor product of n 
FCSs \9) is sufficient to this aim. We called a FCS maximal, if there is a Grassmann weight 
function whose integration over that FCS gives a MES. As we saw in the last section, some 
maximally entangled BCSs have FCSs counterparts, but it is of course perfectly possible to 
find simple examples of maximal FCSs, using the integration method, which have no maximal 
BCSs counterparts and vice versa. 
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